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BOUNDARY MULTIPLIERS OF A FAMILY OF MOBIUS INVARIANT FUNCTION 

SPACES 


GUANLONG BAG AND JORDI PAU 


Abstract. For 1 < p < cxd and 0 < s < 1, let Qf (T) be the space of those functions / which 
belong to L^iT) and satisfy 



where |/| is the length of an arc / of the unit circle T . In this paper, we give a complete description 
of multipliers between Q^(T) spaces. The spectra of multiplication operators on Qf (T) are also 
obtained. 


1. Introduction 


An important problem of studying function spaces is to characterize the pointwise multipliers 
of such spaces. For Banach function spaces X and Y, denote by M{X,Y) the class of all 
pointwise multipliers from X to Y. Namely, 


M(A,y) = {/:/^e Yforall g e X}. 


If X = Y, we just write M{X, Y) as M{X) for the collection of multipliers of X. For any 
g G M(X, Y), denote by Mg the multiplication operator induced by g, that is, Mg{f) = gf. By 
the closed graph theorem. Mg is a bounded operator. In this paper we characterize the pointwise 
multipliers between a certain family of function spaces on the unit circle. These spaces appear in 
a natural way as the boundary values of a certain family of analytic Mdbius invariant spaces on 
the disk [1^ that has been attracted much attention recently. 

Denote by T the boundary of the unit disk D in the complex plane C. Let if(D) be the space 
of all analytic functions on D and let be the class of bounded analytic functions on D. For 


I < p < oo and s > 0, consider the analytic Besov type space Bp{s) consisting of those functions 
f e Hip) with 



where dA denotes the Lebesgue measure on D. A norm in Bp{s) is given by |/(0)| + ||/||bp(s). 
For a e D, let 
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be a Mobius transformation of D. The spaee Bp = -Bp(O) is Mobius invariant in the sense that 
11/ O = ll/llsp, and B 2 is the elassieal Diriehlet spaee. For s > 0 and 1 < p < 00 , we 

denote by Q^(D) the Mobius invariant space generated by Bp{s), that is, / G Q 5 (D) if / G iF (D) 
and 

II/IIq?(b) = sup||/o(x„||^ < CX). 

The space Qf(D) coincides with F{p,p — 2, s) where F{p, q, s) is the family of function spaces 
studied in If^ and lf23l . In particular, for s > 1 the spaces Q^(D) are the same and equal to the 
Bloch space B (the “maximal” Mobius invariant space) which consists of all functions f & H (D) 
with 

II/IIb = sup(l - \z\‘^)\f{z)\ < 00 . 

z£0 

When p = 2, one has Qs(®) = Qs(D) the holomorphic Q spaces introduced in 01 and widely 
studied in the monographs [|30l [3T1. In particular, Qi(D) = BMOA, the space of analytic 
functions with bounded mean oscillation [ITT]| . M. Essen and J. Xiao 0 gave that if 0 < s < 1 
and / is in the Hardy space then / G Qs(D) if and only if / G Qs(T), the space of functions 
/ G L2(T) with 

II/IIq.(t) = sup^ JJ^ I(-^|2-s MCIM^I<oo, 


where |/| is the length of an arc / of the unit circle T (a version of these spaces for several real 
variables was studied in [[8]|). If s > 1, J. Xiao ll29ll pointed out that Qs(T) are equal to BMO(T), 
the space of bounded mean oscillation on T. For p > 1, via the John-Nirenberg inequality (see 
cuaiii), one gets 

WfWBMom ~ ®c¥ W / ~ 

where // is the average of / over /, that is 

In view of that it is natural to consider, for 1 < p < 00 and s > 0, the spaces Q^(T) consisting 
of functions / G L^(T) such that 


( 1 . 1 ) 



1/(0 - /( O / 


< oo- 


A true norm in Qp(T) is given by ||/||*,Qg(T) = ||/||lp(t) + ||/||q?(t)- We are going to study these 
spaces, and we will see that if / is in the Hardy space H^, then / G Q^(D) if and only if / G 
Qf(T). Also, we give a complete description of the pointwise multipliers M(Qfi(T), QFA(^)) 
for 0 < pi,p 2 < cxo and 0 < s, r < 1. It is worth mentioning that D. Stegenga lf24ll characterized 
the multipliers of bounded mean oscillation spaces on the unit circle (see also [fTTll l. and L. Brown 
and A. Shields lUl described the pointwise multipliers of the Bloch space. A characterization of 
the pointwise multipliers M{Qs(D)) was obtained in [[TSl proving a conjecture stated in Il2^ . 
See |[l0l [nl |22l [251 [271 [35l for more results on pointwise multipliers of function spaces. 


The following is the main result of the paper. 





BOUNDARY MULTIPLIERS 


3 


Theorem 1.1. Let 1 < pi^p 2 < oo and 0 < s,r < 1. Then the following are true. 

(1) If Pi < p 2 and s < r, then f G M(Qfi(T), Q^^(T)) if and only if f G L°°(T) and 


( 1 . 2 ) 


1 h 2 

sup TTIT lug T7T 


/CT 


I Jl 


\C-v\ 


2-r 


< oo. 


(2) Let Pi > p 2 and s < r. If ^ > -y;f, then f G M (T), QP'^ (T)) if and only if 


P2 


f G L-(T) and f satisfies ^.If^< then M(Q?i(T), ^^^(T)) = {0}. 


P2 


(3) Ifs > r, then M{QPf{T), Qf (T)) = {0}. 


Note that, when pi = p 2 = 2 and s = r, part (1) of Theorem 11.11 proves Conjeeture 2.5 stated in 
[!2^ . However, as seen in the proof, this eonjeeture is an immediate eonsequenee of the results 
and methods in IfT^ . 

Next we give an applieation. Let T be a bounded linear operator on a Banaeh space X. The 
spectrum of T is defined as 

cr(r) = {A G C : T — XE is not invertible}, 

where E is the identity operator on Af. R. Allen and F. Colonna [l2l gave spectra of multiplica¬ 
tion operators on the Bloch space. In this paper, we also consider the spectra of multiplication 
operators on Qf (T) spaces. For / G Qf (T), let Tl{f) be the essential range of /. Namely, Tl{f) 
is the set of all A in C for which {C G T : |/(C) — A| < e} has positive measure for every e > 0. 
By [IS p. 57], if / G L°°{T), then TZ{f) is a compact subset of C. 

Theorem 1.2. Suppose 1 < p < oo and 0 < s < 1. Let f be the symbol of a bounded 
multiplication operator Mf on Qs(T) space. Then a{Mf) = Tl{f). 

The paper is organized as follows. In Section 2, we give some preliminaries as well as basic 
properties of Qs(T) spaces, such as inclusion relations or a characterization in terms of Carleson 
type measures. The proof of Theorem 11.1! is given in Section 3. Particulary interesting is the 
proof of part (3), where we are in need to use the results of A. Nagel, W. Rudin and J. Shapiro 
[[T5]l . on tangential boundary behavior of functions in weighted analytic Besov spaces. In Section 
4, we prove Theorem II.21 and in the last section, we give the analytic versions of Theorems ll.il 
and ll.2l 

Throughout this paper, for a positive number A and an arc J C T, denote by XI the arc with 
the same center as I and with the length A|/|. The symbol A ^ B means that A < B < A. We 
say that A < B if there exists a constant C such that A < CB. 

2 . Preliminaries and basic properties 

An important tool to study function spaces is Carleson type measures. Given an arc / on T, 
the Carleson sector S'(/) is given by 

- < r < 1, C e /}. 

ZTT 


S{I) = {rC G D : 1 
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For s > 0, a positive Borel measure /x on D is said to be an s-Carleson measure if 


sup 

/CT M 


< oo. 


When s = 1, we get the elassieal Carleson measures, eharaeterizing when C Lp(D, /x), where 
for 0 < p < cx), HP denotes the elassieal Hardy spaee 171 of funetions f & H (D) for whieh 


sup Mp{r, /) < oo. 

0<r<l 


Here 


r-27r 




1/p 


I Ifire^^Wdej 


27r , „ 

By 01, /i is an s-Carleson measure if and only if 


sup 

ciGID) , 


|1 — a2;| 


d/i{z) < oo. 


Beeause 

[\f'{z)\p{i-\z\y-Hi-Mz)\ydA{z), 

Jn 

we ean immediately see that / G Qs(D) if and only if \f'{z)\P (1 — \z\‘^)p~‘^~^^ dA{z) is an s- 
Carleson measure. 


A function / G i7(D) is called an inner function if it is an i7°°-function with radial limits 
of modulus one almost everywhere on the unit circle. A sequence C D is said to be a 

Blaschke sequence if 

OO 

5^(1 - |afc|) < oo. 

k=l 


The above condition implies the convergence of the corresponding Blaschke product B defined 
as 


OO 


B{z)= n 

k=l 


ak\ ttk- z 
(Xk 1 OikZ 


We also need the characterizations of inner functions in Qf (D) spaces. M. Essen and J. Xiao 
||9l characterized inner functions in Qs(D) spaces. Later, F. Perez-Gonzalez and J. Ratty a ETTi 
described inner functions in Q^(D) spaces as follows. 


Theorem A. Let 0 < s < 1 and p > max{s, 1 — s}. Then an inner function belongs to 2^(0) if 
and only if it is a Blaschke product associated with a sequence {zk]fLi O D which satisfies that 
ZklY^zi, is an s-Carleson measure, that is 

OO 

SUPX] (l - Wa{Zk)fy 


< OO. 
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The proof of Theorem [T^ will also use the Rademaeher funetions {Tj(f)}^o defined by 


fl, 0<f<i, 

^o(^) = “i “1’ \<t <1, 

[o, f = 0, i, 1. 


Tnit) = Lo(2"f), n = 1, 2, • ■ ■ . 

See [[3^ Chapter V, Vol. I] or |I71 Appendix A] for properties of these funetions. In partieular, we 
will use Khinehine’s inequality. 

Theorem B. (Khinchine’s inequality). If {ck}'^=i G then the series converges 

almost everywhere. Furthermore, for D < p < oo there exist positive constants Ap, Bp such that 
for every sequence G we have 


A E 


Ck \ 


< 


,k=l 


y ^^ Ckrkjt ) 


k=l 


dt < Bp ^ 

K,k=l 


\ 


For 1 < p < oo and 0 < s < 1, the following result shows that we ean regard Qf(T) as a 
Banaeh spaee of funetions modulo eonstants. 


Lemma 2.1. Let 1 < p < oo and 0 < s < 1. Then Qf (T) C BMO{T). Furthermore, Qf(T) is 
complete with respect to (1.1). 


Proof. Let / G Qf (T). For any are / C T, it follows from Holder’s inequality that 


1 

7 


|/(e“) - S,\dt <TJnjJ^ l/(e“) - fiePldSdt 


beeause |e** — e*^| < |/| when e** and are in I. Thus Qf(T) C BMO{T) with ||/||_bmo(t) ^ 
II/IIq?(t)- Now let {/m} be a Cauehy sequenee in Q^(T). Then it is also a Cauehy sequenee in 
BMO{T). Henee /„,—!■/ in BMO{T) for some / in BMO(T) and there exists a subsequenee 
{/mj C {fm} suehthatlimfc^oo/mfc(e**) = /(e**), fora.e. e** G I. By Fatou’s lemma, it follows 
easily that 

Wfrrik “/IIq?(T) <liminf||/mi -/mJ|Qf(T)5 

L—^OO 

whieh implies that f^^ —)■ / in Q^(T). Sinee 


ll/fc “ /llQf(T) < ll/mfc - /||q?(T) + ll/mfc “ /fc||Qf(T), 


this finishes the proof. 


□ 
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2.1. Characterizations of Qf (T) spaces. To prove our main results in this paper, some eharae- 
terizations of Qf (T) spaees are neeessary. Given / e L^{T), let / be the Poisson extension of /, 
that is, 

We will eharaeterize ^^(T) spaees in terms of Carleson type measures. Before doing that, we 
state and prove some auxiliary results. 

Lemma 2.2. Suppose p > 1 and 0 < s < 1. Let f G L^(T) and let F G G^(D) with 
lim^-j.! F{re^^) = f{F^)for a.e. e** G T. For any arc I <ZT, we have 


I I I p2s _ ypiO 12—s 

> I JI ^1 


■d9ds< / \VF{z)\P{l-\z\y-^^^dA{z). 


IS{31) 


In particular, //’|VF(z)|^(l — \z\‘^y “^^^dA^z) is an s-Carleson measure, then f G ^^(T). 

Proof. We use an argument used in IIT^ and |l3l p. 1294]. After a ehange of variables, it is easy to 
see (it is done in the same way as in ifT^ or [|30l Chapter 7] where the ease p = 2 was obtained) 
that 


1/(0-/(e-")! - 

/ / I ypis _ ypiO 1 2—s 

'I JI ^1 


-Id 


■ dO ds < 


F- 


- f{F^)\Pde] dt. 


For any are / with |/| < | and t G (0, | J|), set r = 1 — f. Then 

< - F{rF^)\ + \F{rF^) - f{F^)\ 

< [ |VF(xe*(®+‘))|da;+ [ |VF(re*(®+“))|dM + [ \VF{xF^)\dx. 

Jr Jo Jr 

Sinee p > 1, we ean use Minkowski’s inequality to obtain 

f{F^)fde <\ [ n\VF{xF^^+^^)\PdeY’^dx 


< 


'31 


r \ i/p \ ^ 

|VF(re*(®+“))|W du\ + 

\ i/p 

|VF(a:e*^)|^’d0 1 da: | + 


\ i/p ^ ^ 

\VF{xF^)fde\ dx 


\l/p 'S P 

\VF{rF^^+^^)\Pde] du 


(Ji) + (J 2 ). 
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For p > 1 and 0 < s < 1, applying the Hardy inequality (see P- 272]) gives 


-Id 


p2-s ("^l) - 


'Id 


t 2 - 


r \ i/p \ ^ 

\VF{{l-y)e^<^)\Pd9) dy\ dt 
'0 \J3I J 


< 


P 


1 — S 
P 

1 — s 


p fill 


Jo \J3I 
P /-I 


\J31 


\VF{{l-y)F^)\Pdej yP-^+^dy 

\VF{xF^)\pde] {1-xy-^+^dx 




< 


'8(31) 


\VF{z)\P{l - \z\Y-^^^dA{z). 


We also have 


'|/| 1 




'Id 1 


F- 


\ i/p 

\VF{rF^)\Pde] du] dt 


0 \J3I 




“Id 




-2+s 


\VF{{l-t)F^)\Pd9 ) dt 


'31 


< 


18(31) 


|VF(z)|^’(l - \z\Y-^^^dA{z). 


Combining the above estimates, we obtain the desired result. □ 

We also need the following result whieh is a generalization of D. Stegenga’s estimate in [|251 . 

Lemma 2.3. Forp > 1 and 0 < s < 1, Zet / G Lp(T) and let I, J be two arcs on T centered at 
with \J\ > 3|/|. Then there exists a constant C depending only on p and s such that 


' 8 ( 1 ) 


\Vf{z)\P{l - \z\Y~^+^dA{z) 


< C 



J J J 


\f{Y^) - f{Y^)\p 

I ^iO _ ^it 1 2—s 


d9dt + \I\P+^ 


j - fA% 

'|i|> 4 l^l P 


Proof. Without loss of generality, one may assume that 9q = 0. Following Stegenga, we let f be 
a funetion with 0 < 0 < 1 sueh that f = 1 on , supp 0 C | J, and 


( 2 . 1 ) 




I I 


1^1 


for all 6 *, Z G [0, 27r). Now we write 

/ = (/ - m +(/ - /j)(i - 0)+/j = /i + /2 + /s- 
Sinee /s is eonstant, we have V /3 = 0. For = re*® in the Carleson box S{I), 


-27r 




< 

rsj 


l/ 2 (e* 0 l 


(1 - r)2 + {9 -t) 


2^^~ 


'\t\>l\J\ t 
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and hence 


's(i) 


\v%(z)ni - \z\r-'‘*‘dA{z) < 




For the integral over S{I) of |V/i|^, replacing S{I) with the unit disc D and using Proposition 
4.2 in [|3l, we obtain 


'Sin 


\vMz)ni-\z\r-^+^dA{z) 


< 



oi9 _ 1 2—s 


dOdt 

, ,ptu o'*'-' " 

T./T F ® , 




I ^iO 12—s 


dOdt 


|/i(e*e)_/i(e**)|P 




I ^iO _ 12—s 


dOdt 


+ 


« T. + T, + r,. 


For estimating Ti, we see first that, due to the condition (12.11) . for e*®, e** G T, 

|/i(e*'^) - A(e**)| < |/(e*'^) - /(e**)l + - e1l/(e*^) - U 

By Holder’s inequality, we deduce that 


1 


\J\t 



j Jj 


pi9 _ pit\2—s—p 


dOdt = 


< 


< 


< 

n>j 


\J\^ / 
1 

1 

2 ^ 


l/(e'*) -fj\n / |e'® - ) dt 


\J\ 





\f{e^n-f{e^Tdedt 


j Jj 



j JJ 


I pi9 _ pit 12—s 


d6dt. 


Thus, 


Ti < 

J- r\j 



J J J 


I pi9 _ pit 12—s 


dddt. 


For T 2 , using that /i(e*®) = 0 for e*® ^ J, one gets 

^ f |/i(e*^)-/i(e**)r 


To = 


~ |J|i 


1 


I _ g2£ I 2 — S 


dOdt < 


l/(e'*)-/j|^ 


itcz— J ^ 


'J 




< 





20 ^2£|2 —s 


dOdt 


J Jj 


I g20 _ g2£ I 2 — S 




The estimate of T 3 is similar to T 2 . The above inequalities implies the lemma. 


□ 


The following theorem characterizes Qf(T) spaces in terms of Carleson type measures. It 
generalizes the corresponding result of Qs(T) spaces in ifT^ . 
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Theorem 2.4. Let p > 1 and 0 < s < 1. Suppose f G L^(T). The following conditions are 
equivalent. 


(a) / e QP(T). 

(b) |V/(;^)|^’(1- 

(c) 


sup 

aGD 


is an s-Carleson measure. 


f \m-f{v)\^ ( i-i«p \ 
T VlC-a||^?-a|/ 


I^CIM^I < oo- 


Proof. We first show that (b) is equivalent to (e). By Proposition 4.2 in Q, one gets 


( 2 . 2 ) 


[ |V/(;.)r(l 

Jo 


z\y-2+^dA{z) 



I ^i6 _ 1 2—s 


dOdt 


for all / G LP{T). Note that / o (ja = / o Ua for any a G D. Replaeing / by / o Ua in the above 
formula and making a ehange of variables, we get 


iv/(2)r(i - |jpr^+‘ 


1 - 

a 

2 \ ^ 

\1 — az 

IV 


r*27r /‘27r 


|/(e^^) - /(e^*)|P 

I _ ^it 1 2—s 


dA{z) 

1 — lap 


1 — ae®^| |1 — 


d6 dt. 


This gives that (b) is equivalent to (c). 

By Lemma [Z2l we see that (b) implies (a). Next we verify that (a) implies (b). Let / G Qs(T). 
Then / is also in BMO{T) by Lemma [XT] For an arc / centered at let J = 31. Then 
Lemma l23] gives 


\Vf{z)\Pil - \z\y-^+^dA{z) 


>s{i) 

~ + m-- (/ i/(e-“*i - fAtl 

jJj \J\t\>l\J\ t 


< 



Since, by [I30l p. 71], 


we have 


l-^l [ , - /j|-^ < ||/||sMO(T), 




sup^ / iv/(z)r(i - \z\y-^+^dA{z) < 


/CT P I Js{I) 

The proof is complete. 


S?(T) ^ llBMO(T)- 


□ 


If p > 1 and 0 < s < 1, then Qf(D) C BMOA C H"^. Thus functions in Q^(D) have 
boundary values. As noticed before, an analytic function / belongs to Qf(D) if and only if 
|/'(z)p(l — \z\‘^y~‘^~^^dA{z) is an s-Carleson measure. Combining this with Theorem 12.4[ one 
gets the following result immediately. 
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Corollary 2.5. Let p > 1 and 0 < s < 1. Suppose f G H^. Then f G Qf(D) if and only if 
f e Q?(T). 

Remark 1. Let p > 1 and 0 < s < 1. We say that / G Lf if / G L^iT) and 

lo Jo 

The condition (c) of Theorem 12.41 gives that / G Qf(T) if and only if 


p 

Ll 


Thus if we set 


sup 11/ O CTall^P < CX). 

oGD 


Q?(T) =SUp||/oaa||Lf, 
a€D 


then Qf (T) is a Mobius invariant space in the sense of that 

III/IIIq?(T) = III/ ° <^a|||Qf(T) 

for any / G Qf (T) and a G D. 


2.2. Inclusion relations. Applying Theorem 12.41 and Corollary 12.51 we can obtain a complete 
picture on the inclusion relations between different Qf (T) spaces. 

Theorem 2.6. Let 1 < pi,p 2 < oo and 0 < s, r < 1. 

(1) If Pi < p 2 , then C Qff{T) if and only if s < r. 

(2) If Pi > p 2 , then Q^i(T) C Qf/iT) if and only 

Proof We first consider the inclusion relation between the analytic spaces Qfi(D) and Qlf{p). 
Note that (D) is a subset of the Bloch space B. Let / G (D). If pi < p 2 and s < r, then 

sup [ i/'(s)r"(i - \z\^r-^ (1 - Mz)i‘YdA{z) 

aGD Jd 

< ii/iir’’‘sup/ \f'(z)r(,i-\zYr-^i-K(z)\YdA(z), 

aGD Jo 

which gives Q^^(D) C QfJiJf). 

By |l34l Theorem 70], if pi > p 2 , Bp-^{s) C Bp^{r) if and only if Note that 

/ G QPf (D) if and only if 

sup 11/ O Ua - f{a)\\Bp^(s) < OO. 
aGD 

Thus Qf (D) C Qf (D) for Pi > pa and ^ 

For s > r, it is easy to construct a Blaschke sequence {zk} satisfying that ~ 
is an s-Carleson measure and is not an r-Carleson measure (see Lemma 

where such a sequence is constructed with even more properties). Applying Theoremwe get 
that the corresponding Blaschke product B satisfies 

Be Q?HD)\Qr(D). 
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Let ^ By Theorem 5.5], the laeunary series 

OO 

g{z) = + g y Qf (D). 

k=0 

If Pi > P 2 , s < r and ^ the laeunary series 

OO 

h{z) = e \ Qr(D). 

k=0 

Therefore, if pi < p 2 , then Qfi(D) C if and only if s < r. If pi > p 2 , then Qfi(D) C 

(D) if and only if Henee it is enough to prove that the inelusion relations between 

Qfi(D) and Q^'^ip) are the same as the inelusion relations between Qf^(T) and Qp{T). 

Suppose Qf^(D) C Op ip). Let g G Qf^(T). Without loss of generality we may assume 
that g is real valued. Denote by g the harmonie eonjugate funetion of 'g. Set h = + ig. The 

Cauehy-Riemann equations give |V^( 2 ;)| ~ \h'{z)\. Then Theorem l2.4l shows that \h'{z)p{l — 
\z\^y^~‘^^^dA{z) is an s-Carleson measure. Thus h G Q^i(D). So h is also in Qpp). Then 

dA{z) is an r-Carleson measure, that is g G QFy{T). Henee Q^^(T) C 
Qpp). On the other hand, if Qf^(T) C Qpp), then Corollary 12.51 shows Qf^(ID)) C Qpp). 
The proof is eomplete. □ 


Remark 2. If 1 < pi < p 2 < oo, 0 < r < s < 1 and ^ it is easy to cheek that any 

laeunary series in Qf^(D) must be in Qpp), but Q^^(D) ^ Qyp). Thus we are in need to use 
inner functions to determine the inclusion relation in the proof of Theorem 12.6[ 


2.3. Logarithmic Carleson type measures. Let a > 0 and s > 0. A positive Borel measure p 
on D is called an a-logarithmic s-Carleson measure if 


/CT 


TTI7 log TT7 p{S{I))<oo. 


By [1331, /i is an a-logarithmic s-Carleson measure if and only if 


sup ( log 


aeD 


1 — |a| 


T — 


dp{z) < OO. 


Condition (11.21) in Theorem 11.11 can be described in terms of a-logarithmic s-Carleson measure 
as follows. 

Lemma 2.7. Let 1 < p < oo and 0 < r < 1. Then the following conditions are equivalent. 

( 1 ) 


sup rrr log TF 


/CT 



1 /( 0 -/(^)l" 


iJi IC-^I 


2-r 


\dC\\dp\ < oo. 


(2) \Vf{z)\P{l-\zpP-^+^dA{z) is a p-logarithmic r-Carleson measure. 
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Proof. For an arc / C T, by Lemma [2!2l we have 


I j I 


|rfCIM<;l < / |v/(j)r(i - W-^^'dAiz). 

JS{3I) 


Thus (2) implies (1). 

Let (1) hold. Without loss of generality, let / be any arc centered at 1. Then 

'I JI 


log if. 


P- 


Combining this with Holder’s inequality, we deduce that 




\ l/p 


< 


< 


^jju{e*’)-f(e“)\’’dedt) 
1 




logiTi 


Let J = 31. Using the above estimate and a same argument in [|28l p. 499], we get 




i/(a - All < 

l| rl U |/|log' 


Id 


Combining this with Lemmawe get that (2) is true. 
We also need the following result from 


Lemma C. Let p > 1 and s > 0. Let p be a nonnegative Borel measure on 
p-logarithmic s-Carleson measure, then 


p 

Bp{s) 


/ \f{z)\^dp{z) < 

Jn 

for all f G Bp(s). 

Now we are ready for the proofs of the main results of the paper. 


□ 


J. If p is a 


3. Proof of Theorem 1 1.1 1 

3.1. Proof of part (1). Assume first that / e M{T) , QP'^{T)). Set 51 ^( 2 :) = log^i^, 
w G D. From [|20l Lemma 2.6], 

sup ||5 '«)||qpi(id)) < OO) 

for all 1 < Pi < cxo and 0 < s < 1. This together with Corollary 12.51 shows that = 

log belongs to QPf (T) uniformly for tp G D, and hence the same is true for = Reh^. 
For any arc / C T centered at with |/| <1/3, take a = (1 — |/|)e*^ Then ~ log jlj for 
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all e*® G I. Since / is a pointwise multiplier, then fga G and it follows by Lemma [2?T] 

that fga G BMO{T). By [12^ Lemma 2.6], 


1 

7 


fiOgaicmi 


< 


log|J 


■||/fi'a||sMO(T) 


< 

r\j 


log|/ 


■ 11 /^^ 


a\\Qp(T)- 


Thus 

1 

Jl 

whieh shows / G L°°(T). 
Sinee 


/(OMCI 


< sup||c/„||2Pi(„) < CX), 
aGB 


9a(e'")(f(e“) - f{e")) = J.(e“)/(e“) - 9„(e‘'')/(e‘") + /(e“)(9a(e“‘) - 9„(e“)), 


we get 


1 

\If 




JI 

je 


I gi0 git 12—r 


dedt < + ||/r7oomBar2V(T). 


Note that 5 'a(e*^) ~ log for all G /. Thus 


/ J/ 


l/(e'*) - 

I 12—r 


dOdt < 


log^ 


P2 ’ 


whieh gives ( 1 . 2 ). 


Next, suppose that / G L°°(T) and (1.2) holds. We need to show / G M{Qff{T), Q^'^{T)). 
The proof of this implieation is based on a teehnique developed in [|T^ (see also EOll ). By Lemma 
12.71 |V/( 2;)|^^(1 — \z\‘^y^~‘^~^^dA{z) is ap 2 -logarithmie r-Carleson measure. Thus 

sup flog [ \Vf{z)f^{l - \z\‘^y^-^{l - \aa{z)\‘^YdA{z) < oo. 

aSD V ~ l®l / Jo 

For all g G Of/ (T), we need to prove gf G Qy (T). Sinee / ■ ^is an extension of gf, by Lemma 
12.21 it is enough to prove that 

I(aj:= j |V(/9)WU(l-|jpr-=(l-|<T4j)n’'<i^(j)<C 

7ro 

for some positive eonstant C not depending on the point a G D. Using Theorem 12.41 we have 

I{a) < [\f{z)nvg{z)r{l - 7r)"^-^(l - \aa{z)ndA{z) 

Jo 

+ / iv/(z)n?(z)r(i-7n^-2(i-ia.(z)n’'d2i(z) 

Jo 

< ii/r/ocm • Biis-m + / iv/(z)ri?(;.)r7i-7r7^-^(i-ic^a(^)iYrf^(^)- 

Jo 
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If Pi < p 2 and s < r, Theorem 12.61 gives Qf^(T) C and by the elosed-graph theorem, 

IIpIIqJ; 2 (t) < IIpIIqpi(t) for all ^ g Qf (T). Henee, we have 

^(“) < ll/ll'Am • ll9llS.,r) + ^ l9(^)r |V/(j)r (1 - - Mz)\ydA(z). 

Without loss of generality, we may assume that g is real valued. Let g be the harmonie eonjugate 
funetion of Set h = 'g + ig. The Cauehy-Riemann equations give \V'g{z)\ ~ \h'{z)\. Then 
h G Qf^(ID)) C and \'g{z)\ < \h{z)\. Henee 

/ \9{z)r iv/(^)r (1 - (i - \aa{z)ndA{z) 

Jo 

< f \h{z)r\Vf{zWHl-\z\y--^l-\a.{z)\^rdA{^ 

Jo 

Jo 

+ [ i/i(z)-/i(a)r^iv/(z)rMi-kPr-'(i-ka(^)rrrf2i(z) 

Jo 

^ Ti + Ta. 


Sinee (D) is a subspaee of the Bloeh spaee B, then any funetion h G QJ!} (D) has the following 

growth: 

2 .. 2 


\Kz)\ < Whh'^og 


1 - 


< 


S! 


log 


1 - kl 


for all 2 ; G D. Thus 




Ti < sup log 

aSD V 

Applying Lemma O we see that 


1 — |a| 



\Vf{z)ni - \z\y^-\l - Mz)ndAiz) < 00 . 


2\r 


T 2 = (l-|an 


h{z) — h{a) 


(1 — az)p'2 


P2 


\Vf{z)\P^{l - \z\y^-^+^dA{z) 


< 

rsj 


(l-|a|T IMO) 


| 2 WII^I|P 2 


^ (l-|a 

\h{z) — h{a)\^‘^ 



P2 


{l-\z\y^-^+^dA{z)\ 




+ 


^ ll^l&(e) + 


|1 - d^|P 2 

\h{z) — /i(a )|^2 


{l-\z\y^-\l-\aa{z)\ydA{z) 

{l-\z\y^-\l-\aa{z)\^rdA{z). 


|1 — az 


P2 


By [I 20 I Proposition 2.8], one gets 


IM.-) < ||,,||K 

I i — (lZ\P-‘ 
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Combining the above estimates, we obtain 

sup/(a) < cxo. 

aSD 

Thus / e M{QP/{T),QP^{T)). 

3.2. Proof of part (2). Let Pi > p 2 and s < r. If — > —, Theorem 12.61 gives the inelusion 

QPi(T) C QP2(T). Henee 

M{QP^{T), Qf (T)) C (T), ^^^(T)). 

Cheeking the proof in (1), one gets that / G M{Qp^{T), Qf?^(T)) if and only if / G L°°(T) and 
/ satisfies ( 1 . 2 ). 


In ease that ^ as has been observed in the proof of Theorem 12.61 there is a laeunary 

Fourier series in Qf ^ (T) \ Qp^ (T) . Then we get M (Qf ^ (T) , QP'^ (T) ) = {0 } as a eonsequenee of 
the following result. 

Lemma 3.1. Let 1 < pi, p 2 < oo and 0 < s, r < 1. If there exists a laeunary Fourier series 

G Qfi(T) \ QPf{T), then M(Qfi(T), QPf{T)) = {0}. 

Proof. We adapt an argument from [fTOll . By Corollary [23] and the laeunary series eharaeterization 
of Q5^(D) spaees in [|^ Theorem 5.5], we see that 


k=0 

and 


= cx). 

k=0 

Let {Tfc(f)}^Q be the sequenee of Rademaeher funetions and eonsider the funetion 

CO 

= '^rk{t)akZ^\ 0<t <1. 
k=0 


Then gt G Qf (T) with ||Pi||QPi(T) 
a G D, we have 


Q?i(T)- Suppose / G M{QPf{T),QPf{T)). For any 


Ig,if,a) dt := 





0 JT JT 


\C-v\ 


2-r 


1C - a\\p - a\ 


\d(:^\\dp\dt 


< 

r\j 



\f{09t{Q- f{ri)9t{ri)?^ 


T Jl 


\C-v\ 


2-r 


1 — |a 
\C-a\\g 



\d(\\dp\dt 


+ 



\ifiC) - f{.v))9t{vW^ 


T Jt 


\C-v\ 


2-r 


1 — |a| 


1C - a\\p - a\ 


\dC,\\dp\dt. 
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Hence, using Fubini’s Theorem, we obtain 


Ig,{f,a)dt< f Wfg-, 


dt 


t\\nP2 





T 


\f{c)-f{v)r 


Since / G M(Qf (T), QF/{T)), then ||/^JqP 2 (t) < ||^||qW(t)- Also, by Khinchine’s inequality 


h ) VK-a||r7-a| 


1 — |a| 


\dC\\dri\. 


\gt{v)\P^dt ^ 


P2 

2 




P2 < 




vfc=0 


because Qfi(D) C H'^. Combining these estimates with Theorem 12.41 we have 


P2 


(3-1) / Ig,{f,a)dt < + WqWqpi^j) ■ II/IIqV(t) < 

V 0 

because, as 1 G then / = / ■ 1 G Q^^(T). 

Now, if / 7 ^ 0, then there exists a positive constant C such that 


r-27r 


(3.2) 


\f{e^^)\de>C. 


Fubini’s theorem and a change of variables give 

j\,(f,0)dt « r\f[e“>)\de [ | 9 ,(e"') -g,(e‘l''+'‘l)|'’"A, 

Applying Khinchine’s inequality again, we see that 


r.1 / OO 


£2 

2 


i2^h\2 


Hence, by (13.21) , 


lg,{f,0)dt 


, fc =0 


P2 

/ I |2|1 „i2'=h|2'\ 2 

[l^k=o ml |i - e 


r-27r 


-dh I \f{e^^)\de 


h^- 


<-2tt 


> 


dh 


~ / h2-r 

Jo Jo 
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for any 9 G [0, 27r). Thus, using (12.21) and the Khinchine inequality, we have 
'■i dh 




-27r 

# till I 

> 

~ / /i 2 -r / / 

ao ^0 ao 





ic-^i 


2-r 


■\d(\\dri\dt 


'0 aTJT 

f f \g't{z)\P^{l-\z\y^-^+''dA{z)dt 

'0 Jd 

^ [ {M2{\z\,g')r {1 - \z\y^-^+^dA{z). 

Jo 

Sinee g'{z) is also a laeunary series, it is well known that M 2 {\z\,g') ^ Mp^{\z\,g') (see 
example). Henee 

f'umdt > f [M^{\z\,g’)r(l-\z\y^-^+'dA(z) 


for 


\g'{z)f^{l-\z\y^-^^^dA{z) 


^ = cx). 

k=0 

This eontradiets (13.11) . Thus M{Qp^{T), Q^^(T)) = {0}. □ 

3.3. Preliminaries for the proof of part (3). Lemma [3T] shows that M(Qfi(T), Q(!^(T)) is 
trivial for a wide range of values of the parameters pi, s, p 2 , r. However Lemma [XT] miss the 
ease that pi < p 2 , s > r and ^ In this ease, Qf^(T) ^ Q(!^(T), but any laeunary 

Fourier series in Qfi(T) must be in Q^'^iT). Thus, we are in need to look for another method 
to determine that M{QJ‘/{T), QJ^'^iT)) is trivial in this ease. We are going to use the tangential 
boundary approximation results of Nagel-Rudin-Shapiro IfTSlI in order to handle this ease. 

Given C G T and a > 1 , let 

r,(C) = {^GD:|l-C;^|<«(l-|z|)} 

be a Stolz angle with vertex at If / G H^, then its non-tangential limit exists almost every¬ 
where. Namely, for almost every C £ T, the limit 

/(C) := lim f{z) 

•^GFo; (C) 

exists. In order to handle part (3), for every C G T, we need to eonstruet a Blasehke sequenee 
{ttk} eonverging to C in a way that the assoeiated Blasehke produet is in Q^^(ID)) \ In 

view of Theorem lAl “ lo^klY^ak niust be an s-Carleson measure, but “ I'^klY^af^ 

ean not be an r-Carleson measure. Aeeording to [[T3ll this is not possible if the sequenee {uk} 
eonverges to C non-tangentially. 
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For c > 0 and 5 > 1, consider the region 

ns^^{e) = i e D : 1 - r > c 


sin 


If — 9 


Then ^s^dO) touehes T at e*® tangentially. We say that a funetion h , defined in D, has fi^-limit L 
at e*® if h { z ) —)■ L as z —)■ e*® within for every c. A. Nagel, W. Rudin and J. Shapiro ifTSll 

obtained the following result. 


Theorem D . Suppose I < p < oo , f e Lp { T ), 0 < a < 1, and 


h { z ) = 


fie^ddO 


z e 


Svr (1 — e '^^zy " ' 

Ifap < 1 and 5 = 1/(1 — ap ), then the Vis-limit ofh exists almost everywhere on T. 

For /3 G M and 0 < p < oo, the Hardy-Sobolev spaee eonsists of analytie funetions / in ! 
sueh that D^f e H^, where f{z) = is the Taylor expansion of / and 


= 5^(1 + i)' 


ttkZ 


k =0 


Proposition 3 . 2 . Let 1 < p < oo and 0 < s < t < 1 . Suppose h G Bp { s ). Then the fli / t-limit of 
h exists almost everywhere on T. 

Proof . By Theorem iDl it is enough to show that there exists / G Lp { T ) with 


h { z ) = 


fie^ydO 


27r 


-IT (1 — e ’■^z) 


1 1-t 5 

p 


z G 


Thus we only need to prove that h G H ^- t - Note that [[^ Theorem 2.19] 

V 

[ D ^+^ h { z ) (1 - \ z \ y -^+^-^ dA { z ) ^ [ \ h '{ z)y (1 - \ z \ y -^+^ dA { z ) < oo . 


Thus D p h G Bp{l + s — t). Sinee s < t, then 1 + s — f < 1 and therefore Bp{l + s — t) C 
(see [l3l Lemma 2.4] for example). Henee we get h G H\_t. The proof is eomplete. □ 

P 

In ease that p < 2, it is known ifT^ that one ean take t = s in Proposition 13.21 The following 
eonstruetion will be a key for the proof of part (3). 

Lemma 3.3. Let 0 < r < s < 1 and 0 < f < 1. For every G T, there exists a Blaschke 
sequence {ak}yLi satisfying the following conditions. 

(a) is the unique accumulation point of {ok}. 

(b) {ttk} C QipyO) for some c > 0. 

(e) Is an s-Carleson measure. 

(d) Is not an r-Carleson measure. 
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Proof. Set 


where e > 0 is taken so that 




r(l — f)<e< min{r, s(l — t)} 


9k = k ^ 9. 

Clearly, {ok} is a Blaschke sequence and e*® is its unique accumulation point with {ok} C 
^i/Lc(^) for some c > 0. To prove that X]fc(f “ |ofc|)^<^afc is an s-Carleson measure, it is enough 
to consider sufficiently small arcs / C T centered at e*®. Since e < s(l — t) < s, we deduce that 


ak€S(I) 


k e ~ k~ 


\ek-e\<^4 




X dx \I\ -t < |J|^, 


which gives that — \ak\ySa^ is an s-Carleson measure. On the other hand, for r(l — t) < 
e < r, one gets 

(l-|afc|)’’_ 1 /‘°° 17-1 .n 


X ^dx ~ |/| * ^ ^ oo, as |/| 0. 


akGSil) 


Thus — \ak\Ydaf, is not an r-Carleson measure. The proof is complete. 


We also need the following estimate. 

Lemma 3.4. Let 1 < q < oo and 0 < r < 1. Let f G L^(T) and S an inner function. Fora G D, 


J(a) := j \f\yz) (1 - |^(;.)|)^ (1 - (1 - |a,(;.)|r dA{z) 

Proof. We first consider the case a = 0. Using Fubini’s Theorem, we see that 

AO) = 1 1/(01" ~ f - \zn-'dA(z)^ MCI 

< 1 1/(01'' - PPr-‘<i^(o) MCI 


AO) = ffiOlf j f (1 - j MCI 

< f 1/(01’ ( f - MlO’'-‘<i^(o') MCI. 


Note that 


|S(C)-s(0l’ < f\s(0-s(.,,)\"f-A^\d,,\. 

Jt \7]-Zf 
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Consequently, by the estimate ifTTl . 

r (i-kiY 


we have 


J(0) < 



T JT 


1C — |?7 — zj^ 

(1 -klT 

1C — zj^ \ri — zp 


dA{z) 


< 


|C-^| 2 -.’ 

dA{z)]\f{C)\^\S{C)-Sirj)\^\dv\\dC\ 


< 



\f{C)\^\s{C)-s{v)\^ 


T JT 


\C-v\ 


2-r 


\dri\ \dC\. 


That is, 


mz){i-\s{z)\y{i-\z\r-^dA{z) 


< 



|/(C)N^(C)-^(^)l^ 


12-r 


\dr]\ |dC|. 


/T^T \C ~ V\^ 

Replaeing / and S hy f o aa and S' o o-q in the above inequality respeetively and ehanging the 
variables, the desired result follows. □ 

3.4. Proof of part (3). If s > r, for any G T, we take the sequenee C D eonstrueted 

in Lemma IX3l and let B be the eorresponding Blasehke produet. Then Theorem lAl shows that 

B e Qfi(T). If / e M(Qfi(T), QP^{T)) then fB e Qf (T) and 

\mm)-B{v))r r i-kp 



sup 

a6lD) Jj Jt 


\C-v\ 




2-r 


P2 


1C - a ||?7 - a\ 


\dC\\dr]\ 




< (X). 


< \\fB\\\ 

Then Lemma [T4l gives 

sup / |:^^(z)(l-|S(z)|r(l-|z|)- 2 (l-|a.(;.)ird/l(^)<oo. 
aero Jo 

Sinee the sequenee {a^} is Carleson-Newman, that is 

OO 

sup V] (l - |Ua(afc)|^) < OO, 
aero 

we have (see (31 p. 1292] for example) that 

/ CO CO 

This gives 


,fc=i 


k=l 


(3.3) sup^ / \f\P^{z){l-\aa^{z)\Y" dA{z) <oo, 

“Sro JE{ak) 

where E{ak) = {w G D : |cra^(w)| < 1/2} is a pseudo-hyperbolie disk eentered at a^. It is well 
known that 

{l-\z\^)^^\l-a^z\^^{l-\ak\Y 
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for all 2 ; G E{ak). Furthermore, by jSTl Lemma 4.30], 

1 - \aa{z)\‘^ 1 - \aa{ak)\^ 

for all a G D and 2 ; G E{ak). This, (13.31) and subharmonieity yield 

00 

sup y'(|/|(afc)f"(l - lcra(afc)l)'’ < 00 . 
aeD fc=l 

Sinee 


sup V'(l - lcra(afc)l)'’ = CX), 
aee 

this forces \ f\{ak) —)• 0. Note that |/| G Q]?^(T) and limfc^ooUfc = e*®- Then g = \f\ + 
i\f\ G C Bp^{r) because of Theorem 12.4[ since the Cauchy-Riemann equations give 

\ 9 '{z)\ ^ |V(|/|)( 2 ;)|. Takef > r in Lemma [33l and apply Proposition 13.21 to get 

(I/I + *l/l)(e*®) = liui (I/I + *|/|)(afc) 

k^oo 

for almost every e*® G T. This implies 

\f\{E^) = lim |/|(afc) = 0 a.e. e*® G T. 

fc—)-oo 

If we take the normalized |/| with |/|(0) = 0, then the analytic function |/| + i\f\ vanishes on T 

almost everywhere. Hence |/| + i\f\ vanishes on the whole disk. Then \f\{z) = 0, 2 ; G D. This 
implies f{Q = 0 for almost every C ^ T. The proof is complete. 


4. Proof of Theorem 11.21 


Let / be the symbol of a bounded multiplication operator Mj on Q^(T) space. If A ^ a{Mf), 
then Mf — XE is invertible. Clearly, the inverse operator of Mj — XE is M 1 . By the open 

_ f — ^ 

mapping theorem, M 1 is also bounded on Qf (T), and Theorem 1 1.1 1 gives G L°°{T). Then 

/ — A J 


/(C) - A 


< 2 


/-A 


L°°(T) 


a.e. C £ T. 


Namely, the set 


CgT: |/(C)-A| < 2 


/-A 


L°°(T) 


has measure zero. Thus A ^ 7^(/). 

Conversely, let A ^ E{f). Then there exists some positive constant 6 such that the set {C G 
TT : |/(C) ~ A| <5} has measure zero. Hence 
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Thus Mf — XE is injective. Using / G M(Q^(T)) and Theorem ll.il we obtain 


sup 

/CT 


log 


1 

1 

P 

/(C)-A 




I Jl 


\C-v\ 


2-s 


\dC\\dr]\ < oo. 


Applying Theorem 1 1.1 1 again, one gets G M(Qf(T)). Then for any g G Qf(T), we obtain 
^ G Qf(T) and 

[M, - \E)j^ = g. 

Then Mf — XE is surjective. Thus Mf — XE is invertible and hence A ^ a{Mf). 


5. The analytic version of Theorems 1 1.1 1 and 1 1.2 1 


Theorem 5.1. Let 1 < pi,p 2 < oo and 0 < s, r < 1. Then the following are true. 

(1) If Pi < p 2 and s < r, then f G M(Qpi(D), if and only if f G H°° and 


(5.1) 


sup rr^ log PH 


ICO 


P2 


1 J I 


\f{c)-f{h)r 

\C-h\ 


2-r 


\dC\\dp\ < oo. 


(2) Let Pi > p 2 and s < r. If ^ > -yff, then f G M{Off (If)Off {p)) if and only if 


P2 


f and f satisfies dSD. If^<^, then M(Qpi(D), Qf (D)) = {0}. 


P2 


(3) Ifs > r, then M{QPf{B), Qpp)) = {0}. 


Proof Just follow the proof of Theorem ll.il Now we give a different proof of (3) using zero 
sets. Set 



where r <t < s and 



By lIT^ Theorem 8], X]n(l- “ is an s-Carleson measure. Also, since “ l^nlY = 

oo, it follows from the proof of IfTSl Theorem 5.10] that {zn} is not a zero set of Spj (t) (look also 
at the proof of Proposition 13.21) . Let B be the Blaschke product with zero sequence {zn}. Then 
B G Qfi(D)\QP 2 (D). If f ^ M{QPf{B), QPf{B)), then fB G Qf (D) C Bp fir). If f ^ 0, then 
there exists an inner function S and an outer function O such that / = SO. By [[Tl Proposition 
4.2], OB G Bpfir). Hence {zn} is a zero set of Bpfir). This is a contradiction. Thus / = 0. □ 


Next we prove the analytic version of Theorem 1.2, without using Theorem 5.1. 


Theorem 5.2. Suppose 1 < p < oo and 0 < s < 1. Let f be the symbol of a bounded 
multiplication operator Mf on 2^(0) space. Then <j{Mf) = /(D). 

Proof. Let A G /(D). Note that Mf — XE = Mf_\. Clearly, M/_a is not invertible. Thus 
A G a{Mf). Since <j{Mf) is compact, we get /(D) C a{Mf). 

Let A /(D). Then there exists a positive constant C such that 

inf|/(;^)-A|>C, 
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which shows g{z) = Thus Mf — \E is injective. Clearly, / G H^. For any 

h G Qf (D), fh G Qf (D). Consequently, for any a G D, 

^ \g'(z)h(z)ni - \z\r-\l - \a^{z)\YdA{z) 

< / \f\z)h{z)\^{i-\z\r-\i-Mz)\rdA{z) 

Jo 

~ ll/^lls?(D) + - \z\Y-^{l - \aa{z)\ydA{z) 

Thus gh G Qf(D). Then we get g G M(Qf (D)). It follows that Mf — \E is surjective. Hence 
A ^ a{Mf). The proof is complete. □ 
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